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EF/KCT  OP  THE  EARTH'S  RCTATI OR  ON  TRAJrlC? ORIFS  Oi 
THE  ANGLED  ARROW  PROJECTILE 


Prepared  by : 
Osctr  T.  Schultz 


ABSTRACT:  The  effect  of  the  earth's  ?"*"■  m 
trajectories  of  the  Angled  Arrow  ProJ« 
obtained  by  three  methods:  1  nunerica  ration 

of  the  equal  lor.  r  of  motion  Including  t.  e  j oriel ie 
force  and  by  t*o  approximate  integration  act hods 
applied  to  the  lineal’  dlff  rev  r’  ^stionr  r,.lcv- 
deflne  the  variations  fir*’  •  . .  »jige  table  trc.jec- 
torle  rod rend  Ly  tne  earv.',  rotation.  A  cora- 
parlocu  of  sample  ccc.pi’tn*’*  '  y  tnc  4  dree  i 
'ndlnates  that  the  »  r  >  • -**  com  tl.. 

rnrv*-  -able  •>  i  ILlcU...  j  accurate 

for  i  purposes  w r 1  o  tae  les3  exact  method  to 
sufficient  to  give  tl>«  general  magnitude  of  the 
effect  of  the  earth's  rotation  but  Is  probably  In¬ 
adequate  for  use  In.  the  AAi  fire  control  computers. 
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NAVOKD  He  port  j 


EFFECT  OF  THE  EARTH  *  3  ROT  ATT  OK  Otf  TRAJKCTO.RIiv  OF 
THE  AHTLED  ARROW  PROJECTILE 


INTRODUCTION 

1.  The  design  of  the  ballistic  section  of  tee  Sperry 
Guidance  Computer  for  the  Angled  Arrow  Projectile  is  being 
based  on  the  Irelinii nary  Range  Tables  forth*  Anglco  Arroi 
Projectile  contained  TnTTXT3Tj5  Report  2l£>0,~  and  these  table  a 
are  also  being  used  In  the  conversion  of  a  Ford  Kk  1A 
Computer  to  serve  as  an  AAP  Launching  Computer.  As  i ©plied 
by  their  title,  these  cables  are  admittedly  of  a  provisional 
nature  and  are  subject  tc  revision  as  a  result  of  changes  in 
th*  i.rojectile  configuration  or  the  obtaining  of  mn re  accurate; 
drag  Information  on  the  present  design  of  projectile.  Th* 
purpose  of  ruch  tables  in  to  allow  the  design*  of  w*e  i  -o 
compute  ru  to  proceed  before  the  definitive  tables  become 
available.  The  computers  constructed  with  this  ballistic 
inf  >:  nation  will  be  used  in  the  proposed  tests  of  t:*e  AAP 
by. 'em  at  the  Chesapea ke  Bay  Annex  of  NHL.  In  these  tests 
no  actual  projectiles  will  be  fired  and  the  imaginary  pro- 
Joe  tiles  of  the  tests  will  be  assumed  t©  have  a  ballistic 
behavior  which  is  exactly  described  by  the  present  range 
tables.  fhe’-e  la  no  doubt  that  this  assumption  is  Justified 
f  r  w;  a  >urpo3es  of  the  CBA  terts. 

?  In  uhlp  boar^  firings,  of  course,  it  is  necesrary  that 
too  range  tables  which  are  represented  In  the  Guidance 
Comp'  ter  accurately  dercribe  the  behavior  of  the  actual 
/reject!  le .  I;  is  expected  that  this  requirement  will 
necessitate  &  I’evlfllon  of  the  present  range  tables,  along 
..  Ltr  c  rrenpondirg  modifications  of  the  computer,  before 
the  system  is  Install  d  aboard  shipj  and  it  is  hoped  that 
doth  t:ie  desljr.  of  the  projectile  and  the  experluental 
determination  of  the  drag  coefflciant  will  be  sufficiently 
(’'■''•'rive  by  that  time  that  the  rerlcions  can  be  made  ’with 

•  Tie  ’•»rtaimy  of  finality.  Since  the  Ouidence  Conruter, 
will  correct  for  Che  ballistic  deficiencies  of  the  Launching 
;or*P”ter,  it  Is  not  bo  impoj’tant  that  the  Launching  Computer 
Pi  oa-ed  on  accurate  range  tables,  and  only  the  Guidance 

C  ii  coneidered  ir.  the  following  dlscuscion. 

1.  The  preaeri  range  tables  are  intended  to  be  suffici¬ 
ent.,,  occuratc  t::at  ..ly  minor  changes  ir  the  compvtai  will  be 
re.u'r-vl  to  accommodate  it  to  the  final  tables.  Such  cb  ;.nges 
•/  yht  consinc  cf  changing  the  value3  of  fixed  resistances  or 

*  ...o  fictions  represented  by  function  potent  loose  ter? ,  etc.. 


IVU*. 


*w3g?B 


WAVOJ'J)  Her  ort  h'jb'' 


‘j  j„  ?i  wooiflratior.  requiring  the  addition  of  funct:  >r. 
p  tent '  'rvU r«  which  wen.  not  originally  present  wou'd  ;  ro- 
av V  ™egarded  an  n  major  change,  especially  if  tr.u  efird 
oteraioaxiteru  require!  nacranlcai  Inputs  rs»pr©  con  ting 
Trarie  <•  5  ifhlch  or* re  not  present  at  all  originally. 

U.  it  ceeas  lllcely  that  any  change  a  in  thrt  computer 
whic.o  would  t>«  required  to  accommodate  &  re  fli  unbent  ;f  the 
irng  coefficient,  or  a  change  In  the  drag  coefficient  Drought 
ui'  t  uy  iujl1]  changes  in  the  projectile  design,  could  1ms  ac- 
»•  oc\'  1 1  j  !*♦'«.  by  tne  minor  changes  described  above.  Vue  re  arc 
ci--*!  it  ti.er  jv  flneraetitB  which  might  also  tfe  acc Tinted  for 
is  t  *  >■  wcv:  the  diminution  of  the  gravitational  force  wltn 
n'tit  * ,  tne  change  In  *11*0  direction  of  this  force  with  the 
'  orl-,  cr.ta  travel  of  the  projectile,  and  cnangea  In  the 
d'.  t  a no  temperature  struc  cures  of  the  standard  atmosphere 


a  r. 
tr  £.„■<* 

;v.  :  ;• 

r-  je 


" .  There  1b,  nowever,  at-  Itart  one  deficiency  In  the 
vc  .t  reri/e  ‘-ables  the  re-sovel  of  wVch  might  require  a 
a’  -  .ange  *n  *he  c'aauuter,  and  that  lu  neglect  of  tl.e 
'uri  rota. Ion,  T.ve  i<arth'e  rotation  bri  >gti  about  &  de- 
'  art  f-  of  the  projectile  fro...  the  vertical  plane  containing 
the  *  ‘f  'J  velocity  vector,  an  effect  o*  a  Kind  which  le 
'  absent  from  tlic  present  tablea  except  in  the  pre- 
of  <•.  wind.  Hence  'he  only  possibility  or  allowing  for 
"  *-ff\et  with  the  prouont  computer  deoign  la  to  introduce 
a  f.  titi  'U  ;  wind  which  would  h a/e  the  sane  effect  on  chr 
trtje  r,  a.-  the  e&rth'u  rot  at  1  >n,  but  there  in  r.o  rcscor. 
t  jc  1ev<  tnat  this  aethud  would  produce  u  sufl  iciently 
;  -  j.  te  ce reaction.  Furthermore ,  the  deflection  of  the 
r-  italic  caused  by  the  earth's  rotation  is  a  function  cf 
'  .. ;*•'*,  d«  ,  jo  that  oven  if  it  were  pofuible  to  represent 
hf  ‘‘fee t  by  Introducing  a  fictitious  wind,  this  wind  would 
-iv«  v  e  var'od  as  a  function  of  latitude,  a  quantity 
d.lc'  '  j  riot  involved  in  the  prrnent  balli-*tic  solution. 

Whether  or  not  tne  neglect  ol  the  r  art.)  hi  rotation 
1  .  '  »d  depends  on  th©  j&agr.ltude  of  it  a  effect  compared 

■  'V  v...«r  wrrorn  in  t!;*  range  tables  and  also  n.  toe  mugnl- 
'  A>  r  ail  juc’n  ballistic  err^ro  relative  to  other  error® 

*  r  ’  e  AA  flycter.,  In  riAVOKD  Rap  or*,  hi  60  an  example  Id 

'  •d.tch  t  :«  error  d  *r  tc  tils  cauo  ir:  .llojt  t>0  ’"t 
at  c  *  '  of  f  igt  t  of  10  nee  ft  ucenta  oitc  pownibue 

'  e:*"  r  1?  rveg’lg'bK  ac  cor.par»»d  wit  otv-r  errtrfl 

/*  swnt  table  o,  but  It  1  n  to  be  hop«.-/l  that  Kr.-'wlt  lge 
A  to*  ‘  aw  c'-eff ;  cier;*  'll1  1  n;  ruv*  to  too  ertert  tluat  ti.i  s 

*  r  •  -r  \.“r  «  >  iuor<j  aerlomj.  Even  if  q1  i  err*  rs  ii^  tne  drag 

c  u*ff  icier  '  rid  e  eliminated,  there  tnlgnt  rat.ain  errors 
'n  fiecoun*  >  'v>r  vfirxi,  attau/p/ierlc  denaity ,  etc.  which 
v'g.  ■  r«r  i  -ors  c.uffiparable  to  t^«e  effect  of  tne  earth's 

rout',  .  '  -rr'’r3(  ‘rwevc*r ,  w;.^d  appear  n  random 


2 


eve:  a  ?  arge  nunber  of  engagei-tenta  while  the  err  r  doe  ho 
neg.'ect  cf  the  earth's  rotation  is  systematic  and  V  he  reform 
;iorr  .  crious. 

7.  A  caparison  cf  the  relative  important.-  of  oa'llctlc 
irrors  of  all  kinds  with  other  errors  in  the  AJU  System  1.  made 
difficult  by  the  great  influence  of  target  maneuver  on  the 
magnitude  of  the  prediction  error,  and  this  que3ti-n  will  not 
he  c  nsider^d  here.  It  she  aid  be  pointed  out  that  the  AAf  re¬ 
duction  of  prediction  errors  which  is  expected  to  be  brought 
abcut  ’  y  the  us^  of  high  muzzle  velocity  and  corrective  deflec¬ 
tion  justifies  a  greater  effort  to  reduce  ballistic  errors  than 
would  be  the  case  fur  a  conventional  antiaircraft  system. 

Thd  EQUATIONS  OP  MOTIOK 

2.  Varlc-ui  degrees  of  refinement  are  possible  ir  a 
treatment  of  the  effects  of  the  earth's  rotation.  In  a 
rtg'.roa*  ’'reat.aert  it  would  be  desirable  as  a  part  of  tne  prob- 
le.  to  consider  the  ’^arJ  at  ion  of  the  gravitational  force  »i  .a 
e  cl  1  tud.u  ana  horizontal  travel  of  t>ie  projectile  and  with 
the  latitude  of  the  gun.  These  effects  ere  neglected  in  the 
f  i:owir.g  '.iacussion  because  they  have  not  been  taicen  ir.*-  ?c- 

c  ■■■  t  the  present  preliminary  range  tables.  If  the  computer 
dealer  v  jtod  on  these  range  tables  included  also  a  correction 
r  .he  ear  ■r. 1  c  rotation  based  on  the  theory  presented  here, 
un.  with:  "uer t  iv*? inenertc  of  the  theory  ceroid  almost  certainly 
or  -a  c  -  :rrec  f.i.-  by  uincr  changes  in  the  computer. 


'.me  . 
d«  r  v  ■.  c 
u.  e 


r*  f” 


*""C  .v 
ring**  * 
4  <  -t 


■  ■•£  t  u ; 


hat  £c.  be  the  position  vector  represented  by  the 
na:y  nu'gt  tables  from  the  gun  to  the  projectile  at 

iter  launching.  using  a  prirae  to  denote  the  "apparert' 
ire  of  a  vector-  i.e  ,  the  rate  of  change  of  the  vector 
-  an  observer  irho  ic  fixed  to  the  rotating  earth,  rd,’ 

.  the  acceleration  cf  the  projectile  (regarded  tr  a 
>.  r '  as  the  force  acting  ti  it  (z.  being  it  a  isa rs), 

.  rc~  is  the  resultant  of  the  forces  of  gravity  and 
'  ,t  noe.  fhe  force  gravity  it  taken  as  -  cgk  where 
’  ■  vector  'n  th*  direct! or  of  the  zer.ith  at  the  pan 
.  _  the  sexier  ’  acceleration  d^e  to  gravity".  The 
’  O’  a  direction  of  arid  value  of  g  include  -he 
'  _u  fv^C;  due  to  the  earth1  •  rotation  at  well  ax  t.  o 
ic.vt  zrz '  .ex'  'orcc  ai  d  in  this  sente  the  preli?  ir  ary 
o  es  o-  ~ot  en*  iro-j  ignore  the  earth's  rotation, 
a.*  r»-’t  Indicates  the  difficulty  ir.  treating  the 
■"'  tat ..on  rigorously  without  at  the  eune  time  introd  c- 
■. o  .a  *c'  tear  'superficially  unrelated  co  it. 


.  ~U  le  forot  due  to  the  air  rt b' stanc*  is  ecuuntec  t 
■vt  »  s.auilt.  'c-  1/?^vqAC.  wher'  vf}  -  Jr^|  is  the  speed  of 


— n  i  n  - 


if 


,  .  r - 


,  r  'ectlle  thror  Jr,  -he  air,  /■'  '  ti-e  dona  1 

e  cr<"  j3  sec -icnal  area  tf  -he  ,  mice"  le ,  ar. 

;ra,  >eff ic'er.c.  The  -era  of  the  h  r  a*  -  c 

1  h>ie  project!,  e  aid  11610'  /°=  .  fht  irur  >•  >ef 


-  .  ,  A 


ie  a.  6Mi  iricaJ  function  C  --  :(i^) 


.e  Mac. 


/  *■  j 


'  e  »  a  *  a(r  )  ie  the  speed  f  ar,-nd  at  the  *  - 1 05 
>r  textile  ani?*  depends  01  the  tenpera+vre  at  thu.  int . 


-,iC 


».;r  re -I stance  acts  in  a  direction  opt'- rite  t  .,•  the  ve1 


-  -s-  . 


r  J e  c  t lie 

force  ie 


that  lr.  rvacn.  nude  ano  direct_or  toe  air  : 


-»-»  t 


-l/'1  <ov  AC-—  -  -!/?#<  ACc 


1 


:  ie  ■  ■'  atiur. 


metier:  of  ..he  projectile  ie  than 


~r 1 


=  -  -1/2  p  v,  ACrj  . 


r ) 


w'i  p.  ?(K0)  having  the  fei-  feterrrined  exier*. went  ally  and />  and 
h  Viri/the  functions  of  altitude  of  the  MAC  a  standard  atc'-c  - 
i  ierr ,  the  :  ^9^  preliailitr'  range  tables  represent  the 
so1 vt Iona  of  equation  (1 )  for  various  Initial  canal -Ions  an 
v.ar.dard  conditions,  obtained  op  maaerlcal  integration. 

Conaluej^rv.  next  -he  earth h-  rotation,  iet  r  oe  the 
.  ~i'  on  vac -or  0.  tne  projectile  when  this  Influence  Ts  taken 
.co cunt .  A..;  bef  it ,  a  pi-  tae  will  be  ured  to  indicate  the 

•nt  ’  derivative  if  a  vector  while,  lr.  audit.:  r.,  a  i  - 
t  ied  to  denote  its  true  derivative.  The  total  forte 
r  .he  rr'  Jectilc  is  n^w  err  and,  as  before,  is  the 
ji invitational  aid  air  resistance  forces.  The  fore* 

;  : "  8l.tr'  -  rjgV  whi.  e  the  air  resistance  l’.rce  is  1 

vAdr'  ,  where  T 
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.•I  »  v/a.  n»  equation  of  not 
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v:  *  £)•  (3) 


Applying  •quation  (3)  with  E  reriaced  by  f. 


2-  {?)’  +  (w  x  r). 


The  vector  f  In  the  right  a— bar  of  (4)  can  bo  expressed  by 
applying  equation  (3)  again  with,  now,  H  replaced  by  r»  wltv 
the  result 


I  -  [£'  +  (?.  x  £)]  ’  +  { E  *  [£<  +  it  a  r)jj 
•  r ’  '  +  (w*  x  r )  -f  2(w  x  r' )  +  x  (w  z  *•)]  . 


Since  the  angular  vel  >city  of  the  earth  Is  constant,  v'  »  0 
and 


r  »  r’  *  +  2(w  x  r« )  +  [w  x  (w  x  r)]  .  (5) 


Saw  the  Magnitude  of  w  is  w  ■  7.2921  x  10  rad/sec  and 
the  third  tana  on  the  right  of  (5)  Inwolwes  w?  and  Is 
negligible  as  compared  with  the  tana  iarolrlug  w  to  the 
first  power.  Furthermore ,  no  slgnlfleanoe  could  be  attached 
to  thla  tem  without  at  the  aaae  tins  treating  k  and  g  In 
rreater  detail,  Jfegleetlng  this  tana  in  .5)  and  substituting 
In  (2) ,  the  latter  equation  becomes 


nar* '  -  -  ngk  -1/2  p  rACr'  -  2m(w  x  r ' )  ,  (6) 


which  differs  frow  (1)  to  the  inclusion  of  the  (fictitious) 
Coriolis  Foree  2»(w  x  r';*  It  would  be  possible  to  integrate 
equation  (6)  numerToalTy,  as  haa  been  done  in  a  numerical 
example  considered  later,  tut  the  presence  of  the  additional 
ter*  would  necessitate  a  c caplet*  integration  for  every  lati¬ 
tude  and  gun  bearing.  In  addition  to  the  arg unants  of  the 
present  range  tables,  ao  that  a  prohibit  lew  amount  of  work 
would  to  raftined.  Furthermore,  this  procedure  would  wage  no 
use  of  the  present  range  tables ,  nor  would  the  results  be  in 
a  fom  which  would  Indicate  a  single  aSehanlratlb*  of  the 
Computer. 


5AY0KD  Report  ?353 


13.  These  difficulties  oan  be  avoided  by  obtaining  a 
differential  equation  for  the  difference  between  the  vector 
x*  of  the  present  rang*  table*  nnd  Aha  vector  r  of  aquation 
To).  Approximations  oan  bo  —  1*  this  equation  —king  it 
much  easier  to  sol—  than  Is  eq—tlen  (6)>  acd  tha  solution 
osn  be  carried  out  la  such  s  ray  that  —eh  trajectory  of 
the  present  range  tables  glees  rise  to  tha  correction*  to 
£0  which  are  —  easaary  foe  all  possible  —lues  of  latitude 
and  gun  bearing,  without  tha  need  of  s  separata  numerical 
integration  for  cash  case.  The  method  —ad  -la  based  on 
that  of  F.  R.  Moulton's  Mew  Methods  in  ixtarlor  Ballistics . 

14.  Let  a  *  r  -  r_  be  the  rector  which  must  b»  added 
to  the  position  rootor“rQ  of  the  present  mage  table*  to 
correct  for  the  effect  of  the  earth's  rotation.  Substituting 
(1)  and  (6)  in  4”  -  r"  -  r£', 


4"  -  S  [^(r)rC(M)r»  -  /o{r0)w0C(,i0)r;  j  -  2(w  x  r')  , 


4"  -  "  srlf(*)*>00teo  ♦  4')  -^!o)to^ro^] 

-  2w  x  (£,  +  4’>. 


4"  -  *  SkUfrt£)*c(H)  -  /°<*o)toP<*ofl  Si  + 

*  *(»  x  £i)  '  *(l  *  4*)  •  W 


It  is  convenient  in  the  following  steps  *<?  wortc  wlth  s0,tl*r 


_____  _  to  woi„  _ 

equations' instead  of 'the  vector  equation  (7).  To  obtain  these 
equations,  let  k,  —  before,  be  a  unit  vector  in  the  direction 
of  the  zenith  st^he  gun,  and  let  i  and  i  be  mit  vectoro  in 
the  horizontal  plane  with  in  the  vertical,  plane  containing 
the  initial  velooity  of  the  projectile  (the  vertical  plane  of 
fl-«)  and  i  perpendicular  te  this  plane  in  suoh  a  eenee  that 
i  *  k  Tors  a  right  hand  system.  Then  let 
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In  writing  the  "apparent"  derivatives  r',  etc.  the  derivatives 
of  x,  etc.  will  be  indicated  by  dots,  t Sere  being  no  distinc¬ 
tion  between  the  true  and  apparent  derivatives  of  a  scalar. 

13.  Let  0  be  the  latitude  of  the  gun  and  B  be  the  bearing 
angle  of  the  gun,  l.e. ,  the  angle  between  the  vertical  plane  of 
fire  and  the  vertical  plane  containing  the  forth  direction.  The 
vector  w  representing  the  earth's  angular  velocity  lies  in 
the  vertical  plane  containing  the  forth  direction  and  forms  an 
angle  0  with  the  horizontal,  as  shown  In  Pig.  1.  From  the 


w  -  -  w  cos  0  ala  B  14«  cos  0 
wort*,  008  b  +  w  sin  0  k. 


Pig.  1 

and  tin  vector  products  appearing  In  (7)  are 


w  x  r' 

— 


*  (wi0  cos  0  eoa  B  -  wy0  sin  0)1 
+(wxQ  sin  0  +  wz0  00s  0  sin  B)^ 

-(wy0  con  0  aln  B  +  ld^  cos  0  cob  B)k  , 

v  x  d'  «  (w  £  cos  0  cos  B  -  w  ■*!  sin  0)± 

+(w  t  sin  0  +  w  S  eoe  0  sin 

-(w  ^  cos  0  Bln  B  +  w  \  cos  0  eon  B)k  . 


1  >.  In  the  standard 
npesd  of  30  md  a(r)  depend 


atmosphere  the  density p  (r)  and 
only  on  the  altitude,  th5c  is. 


on 


the  vertical  component  of  r,  and  '.fill  be  denoted  by  /o  (z) 
and  a(z).  ?inally,  3lnce  Fna  trajectories  of  the  range  tables 
1  ie  In  the  vertical  plane  of  fire  and  i_  is  perpendicular  to 
this  plane,  x0  *  Xq  •  0.  The  scalar  expiations  corresponding 
t  (7)  are  then 


t  .  ■ 


•V* 
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* "  A  * 

\  »  -  ’sg  p(z)vC(M)S  -  2ni0  cos  ooa  B  +  2wy0  aln  #  •- 

-  2w  S  cos  £  cos  B  ♦  2w  tj  sin  0  , 

Jj  -  -  si(f>(z)vc(if}  -  /*(z0)v0c(Ho)]  y0  ♦  ?(*)vc(n)>j}  ^ 

-  2ws&  cos  0  sin  B  -  2w  I  sin  0  -  2*  i  oos  0  sin  B, 

s-  -  -  i°(z0)^(“o)J  5o  ♦  />(*)*(*)$] 

♦  2wy0  oos  sin  B  ♦  2w  ^  oos  Jf  sin  B 
+  2w  I  QOS  0  COB  B. 


THE  LINEAR  EQUATIONS  FOB  THE  J>E/UCTTOK 


i7.  Up  to  this  point  nc  approximations  have  been  nade  nfi, 
In  the  presence  of  (1),  equations  (8)  are  equivalent  to  (6).  The 
approximations  which  are  first  nade  in  aquations  (8)  are  acti¬ 
vated  by  the  desirability  of  obtaining  linear  differential 
equations  for  (  ,  ”*1  »  S  and  are  Justified  try  the  assumption 

that  these  quantities  and  their  derivatives  are  so  snail  that 
their  products  and  posers  can  be  r-cgleetad.  ,To  Mko  use  of 
this  assumption,*  consider  the  expression  /•(tVvC(M)  with 
’■!  «  v/a(”).  Because  o*  the  presence  of  v,  this  expire  a  ion  is 
a  function  cf  x  «  f  #y-y0  +  'f*i"ic+i  and  through  the 
orourru&oe  cf  the  functions  p(z)  and  a(f)  it  is  alui  a  func¬ 
tion  c**  z  *  7.0  +  i  .  Qfc  the  msaunption  tnat  I  ,  'b  ,  *  and 

ths'r  iorlvativas  are  aaall,  ^(s)yC(K)  at  eny  tine  will  be 

nearly  equal  to  p  (?c)t0C(Ko)  whose  arguments  pertain  to  the 
range  table,  trajectory*.  If  /«(t)vC(K;  is  exported  In  a  power 

series  in  j  ,  $  ,  j;  ,  the  first  toms  of  the  expansion 

are  ' 


p(=)w(K)  «  p (zo)eoc(K0) 


+  Mo[(o'(2o)»<*o)C(«o)-r(*0)a,^o>HoC'^lo^ 


■  *1*  ^'>T» 
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functions  oonoemed.  Substituting  this  expansion  in  equations 
(8)  and  again  neglecting  products  and  powers  of  $ , 

5  -  -  H  f(z0)voC(M0)i  ♦  Sw^aln  -  ZwSeos  0  cos  B 
+  2wy0  sin  jf  -  2w*0  eos  0  eos  B, 

i'  -  -  2»i«ln  *  -  P^0)\<H»a)  +^(s0)[c(H0)  t  «o0'(lto)]j“j 

-  Is  fMc<"o>  +  *,«'<«,  1  +  S"  co»  ^  »ln  b)  S 

-  5rHo['J'<*Ja(s0)C(Mo>  -/•(*,>)«  •(*<>)*<)P,(»»)]j0X 

-  2wzc  ocs  0  aln  B ,  (10) 

\  -  +  2w*  cos  0  coa  B  /°(zo)(.0(Mo)  +  MoC’OOj^fl!* 

-  2w  cos  0  sin  b]  ^ 

-  H)|»<so)Toe(Mo)  -•■  O(s0>[*(Xo)  +  V'<*ois“)j 

0 

-  s  "oLla,<*o)*(*«)80^)  -/5<Io)»,(*o)V(',o)j*oS 

+  2wy0  00a  0  ski  B. 


The  quant l bias  with  subscript  zero  suffer  to  the  trajectory 
which  not  include  the  effeot  of  the  earth's  rotation; 
they  con  «  obtained  fro®  the  range  tables  and  hence  can  be  re- 
gardc'i  &  luiown  Emotions  of  the  tine.  Squat  lone  (10 )  are  then 
lineaj  i L^enentlal  equations  in  J  ,  *1 ,  S  with  coefficients 
funct.nj  o  of  the  tine..  Owing  to  the  presence  of  the  tern*  Whioh 
do  not  lnrolTw  t  ,  i  ,  i  ,  i  ,  the  equations  are  nonbonogeneeue.  If 
these  turns  are  ocltted  and  the  general  solution  of  the  resulting 
equations  determined,  the  netted  of  rariation  of  parenv  ters  allows 
the  nonlamogoneous  tert.t>  to  se  taken  into  account.  With  the  equa¬ 
tions  ’n  their  present  form,  this  Is  not  feasible  because  .the 
occurrence  of  functions  of  0  »uid  B  in  the  coefficients  of  j  (  *} ,  i 
would  necessitate  a  eepamct  general  solution  for  each  combination 
cf  these  quantities,  end  t!  meant?  of  the  equations  would  be 
of  little  adrentage  ns  cowr  .^d  with  a  direct  integration  of 
equation  (6). 


v.. .  * 
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1  18.  This  difficulty  can  b«  overcoat  by  a 

approximation  In  equation  (10).  Thla  approxSa^  ootialXj 

*Smo'tl®v°£>i  «*  b  -i-iVthijTiS  L“«! 

JL*J  *  5  /  **  Juatiflaatlon  for  thla  lo  tha 
fact  that  a  t#m  »uoh  aa  Sir  3  ooa  0  eoa  B  la  anall  relative 
»j*0  oob  0  ooa  B  which  la  attain**.  The  reaulting  aquations 

I  -  Px  S  +  X 

i‘*  M  +  V  +  Y  (1] 

$  -  Bj,1)  +  +  RjS  +  X 

•have 


P1  "  -  ft  (•<*o>V’(*0) 

*1  "  •  felf**o)V(V  +  /°(«oM  "'**)  +  V'IH,!||j 

“a  *  -  51  P<*o>[°<»o)  +  V'fo) 

S  ‘  -hnc\.p'^oMe0MKt)  -/»(x0)»'(So)ll0C'(H0}Jy{ 

*ll  "  -  S^oHoOU  +  M.C'(M  )  Zo*i 


O’  '“o'  -U  —  n 

O 


\  +^(*o)C0<Bo>  +  } 

T0 

^3  '  -  Si  f'clo'(*o)»(io)0(Ho)  -^x1)«'(*o)«0e'(n0)]4o 


x  -  +  2w/c  Bln  Jt  -  2wzo  cos  ^  cos  B 

X  m  -  2wzc  ooa  0  a  In  B 

*  ■  ♦  2»y0  ooa  0  tin  B 


t 
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FIRST  APPROXIMATE  SOLUTION  OP  THE  LINEAR  EQUATIONS 

19.  The  coefficients  Pi ,  ...  R~  In  equations  (11)  are 
functions  of  quantities  which  pertain  to  the  range  table 
trajectory  and  could  be  confuted  as  functions  of  the  time 
without  regard  to  the  valuta  of  j t  and  B.  The  general  solu¬ 
tion  of  the  homogeneous  equations  corresponding  to  (11) 
could  then  be  obtained  by  numerical  Methods  end  the  solution 
of  the  nonhomogeneoua  equations  obtained  by  variation  of 
parameters.  A  method  eased  on  this  procedure  will  be  des¬ 
cribed  presently.  First,  however,  it  seems  desirable  to 
consider  an  approximation  to  the  solution  of  equations  (11) 
which  might  be  sufficiently  accurate  for  same  purposes.  This 
solution  is  obtained  simply  by  neglecting  all  terms  00  the 
right  of  (11)  exoept  X,  Y,  Z.  This  Is  equivalent  to  aasun- 
lng  that  the  air  resistance  which  acts  on  the  projeotlle 
which  13  deflected  by  the  earth* s  rotation  la  at  all  times 
exactly  equal  to  the  air  resistance  acting  on  the  range  table 
projectile.  Using  the  expressions  In  {12}  for  X,  Y,Z,  the 
solution  of  the  equations  is  obtained  by  two  integrations 
of  each  equation  and  is 

\  m  \1(t)  COS  0  COS  B  ♦  A^t)  Bln  0 

■f  •  /A(t)  cos  0  sin  B  (13) 

S  «  v  (t)  cos  0  sin  B 
where  ^ 

A  1(t)  -yu(t)  -  -2W  J  iQdt 

(1*) 

^2(t)  -  V  (t)  -  +2w  f  yQdt  . 

»o 

For  each  range  table  trajectory,  the  fumotlatia  /*(t)  and  17  (tj 
oan  be  computed  easily  from  quantities  contained  In  the  tables 
and  arranged  as  auxiliary  columns  in  the  range  tables.  From 
that?*  auxiliary  quantities  the  components  of  the  deflection 
due  to  the  earth's  rotation  can  be  found  from  equations  (13) 
for  any  latitude  0  and  gun  bearing  B.  Equations  (13)  also 
appear  to  indicate  a  simple  method  of  Incorporating  a  correction 
for  the  earth's  rot*; ion  into  the  computer.  It  will  be  seen 
presently  that  the  exact  solution  Of  equations  (11)  has  the 
fona  <:t  equations  (13)  with  coefficient  funotlaas  of  the  time 
which  are  more  complicated  than  are  equations  (lA),  so  that 
while  the  exact  solution  Is  more  laborious  to  eonpute  It 
of  fen  little  mort  difficulty  Ip  applies tie®  than  dots  the 
approximate  solution.  ■ 


r*  • 


< 


■  r  ^  * — r  .4^'< ...  «i.  a  ■?..— 

-  ‘h 
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SSCOKC  SOLUTION  OP  THI  LJJCLMK  EQUATIONS 


20.  Before  attempting  to  solve  aquations  (11),  it  is 
desirable  for  reference  purpose!  to  write  the  scalar  equa¬ 
tions  equivalent  to  (1).  These  are 


x  ■  0 

*o 


%  -  -  as  /°(*o Kc(*o)yc 


-  Pl*o 


(15) 


*o  -  -  i.  ^  (*o)v0C(«0)id  -  g  -  P1z<)  -  g 


where  P  has  the  came  definition  as  In  (12). 
*  * 


21.  Considering  now  equations  (11),  the  first  equation 
Is  evidently  independent  of  the  other  two  and  oan  be  treated 
separately .  To  apply  the  method  of  variation  of  parent tere 
we  first  write  this  as  a  nomal  systen  of  first  order  equations. 


&L 

3T^ 


*  i  * 


(16) 


dl 

ar- 


M  +  x  , 


and  then  attempt  to  find  the  general  solution  of  the  corresponding 
homogeneous  equations 


3F~  " 


S  , 


(17) 


dl 

&r 


pi  ^  • 


We  notice  first  that  If  b.  is  an  arbitrary  constant,  then 
\  -  t:  -  0  is  a  particular  solution  of  (17).  Xext,  the 
s-oond  of  equations  (15)  could  be  written  as  an  equivalent 
ay^teu  of  normal  equations  whloh  would  be  Identical  with 
(17).  Since  the  equations  obtained  from  (15)  are  satisfied 
by  the  range  table  value  of  y  ,  the  functions  I  »  ya,  |  •  y 
constitute  a  second  particular  solution  of  (17).  As  a  eon> 
sequence  of  the  linearity  of  equations  (17 )»  their  general 


iiSJ'  A  f*  ii.A-t  %,  »-*■ ,  *  ... 

"imt  iiu  *s  ¥'• 


A 


”  ■*  •  T  / 


XAVORD  Report  2353 


solution  is  therefore 


1  “  bi  + 


1  "  Vo  • 


To  obtain  the  solution  of  the  nonhomogeneous  equations  (16), 
bn  and  bp  are  regarded  as  functions  of  the  tine  end  equations 
(IS)  as  a  change  of  dependent  variables  from  f  ,  g  to  b, ,  b.  tc 
be  made  in  equations  (16).  Making  this  substitution  ana  using 
the  fact  that  equations  (l8)  satisfy  (17), 

dbj  db2 

wr  *  ar-  yo  -  0 


y0  -  x. 


Recalling  that  X  Is  a  known  function  of  the  tliae,  the  general 
solution  of  these  equations  Is 


\  •  ~r  dt + 

Jo  *o 


-*5> 


dt  +  b 


b  and  bjQ  arc  arbitrary  constants.  Substituting  these 
values  dr  b.,  ana  b0  In  (13)  and  detcnnlning  b  and  b  so  that 
\  ,a  i  ~  -  at"t  -  0,  'the  solution  of  (16)  la  thin  20 


f  x  f  y0x 

l  f.  “  ■ 


Cubstltutlng  in  the  first  of  these  equations  the  expression 
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00s  0  cos  B 


♦  2*1  yQt  -j  y0dtj 

*■  '0  /, 


sin  0  , 
(19) 


SeffiiiJlfll  fw*  “  th?  flrot  of  (!3)  with ,  however, 

coeiriciants  whieh  are  acre  co«pllcat«d  functims  of  th*  tine. 

°J^ln  "7  *•*  5»  l*t  th*  last  two  *f  equations  (11) 
witten  as  th*  norwal  By*t*ta 


$  ■  +  s* + v +  Y 


ds  .  e 
Si  -  ILii 


ir  "  Vi  4  V  +  V*  *■ 


?r  ggfrj*  -*«><«  <*  wt'1"  . 

equations  *W**m3  5°lutl°*1  °*  tht  -pooding  honog*neouc 


d? 

Sf  -  V 

I?  -  Vi  +  V  +  Ss 


dS-  i 

ar  * 


(21) 


as  ■  M  4  V  +  *3  ^  ' 

fcjpastisa-^ 

solu.lons  cjr  b«  obtained  fron  an  laUrpretatlar/of  equations 
(  - )  arising  fro®  a  prohl**  which  1*  quit*  different  fr*a  that 
considered  here,  coaaider  *qu«ti on  (i )  t Sether  wUh 

&  gs*  wiich2?STtS;th 

,  art  .c.ilar  rang*  table  trajectory  under0 coas  lderatl.cn,  th* 

48i  5o  of  course  zero  while  r£  i*  the  initial 


L 
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velocity  .  Consider  also  «<iuati«a  (6)  with  w  ut  equal  to  zero 
Lth  "abnormal"  initial  values  of  r  mA  r’  whljfc  are 


together  with 

slightly  different  from  r_  an*  rl,  respectively.  “•rha  solution 
of  equation  (6)  therefore  gives  the  trajectory  of  a  project  lie, 
unaffected  ay  the  earth1  a  rotation,  which  la  launched  with 
abnormal  initial  eoolitlflna  differing  slightly  froo  those 
defining  the  range  table  trajaetory.  Again  defining  4  -  r  -  r„, 
equation  (7)  with  w  *  •  in  the  differential  equation  Sefiniag 
the  position  of  the  ahnanaal  projectile  relative  to  the  nenul 
prelect  lie;  equations  (8)  with  w  »  §  are  the  scalar  equivalents 
of  (7);  equations  (10)  with  w  •  0,  are  the  linear  approximations 
to  equations  8)1  ani,  with  w  m  0,  i.a.,  with  X-  T  «  Z  «  0, 
equations  (11  are  sls&lf  ar.  abbreviated  few  of  (8)j  so  that 
equations  ( 11 )  arc  the  llnaarlsnd  equations  defining  the  dis¬ 
tance  couponeni^s  between  the  normal  and  abnormal  project  lies. 

But  equntlc 
eouatione 
equations 

dlstanoe  components  between  a  normal  (range  table)  projectile 
and  an  abnormal  projectile  la  the  aawo  plane  which  differs 
from  the  normal  projeotlle  only  in  being  launched  with  dif¬ 
ferent  initial  conditions,  the  earth's  rotation  not  being 
considered  In  wither  owse.  v 


23.  As  a  jpeslal  abnormal  trajeotery,  consider  cm  for 
which  the  initial  velocity  Is  the  saw  as  that  of  the  nonsal 
trajectory  but  the  point  of  launching  is  displaced  horizontally 
a  distance**  1  in  the  cowbmw  plane  of  fire.  Thorovqdtout  Its 
flight  the  rlmormal  projectile  will  simply  he  displaced  barlsont- 
nlly  a  distance  '*}  •  1  from  the  normal  projectile,  and  hence 
the  abnormal  trajectory  13  defined  by  the  quaatltlea 


7\m  1# 


0,  5  m  0  . 


<**) 


That  these  quantities  do.  In  feet,  ecssadtute  a  particular 
solution  of  equations  (21)  is  seen  by  substitution. 


24.  To  obtain  a  second  particular  solution,  we  consider 
ar  abnormal  projectile  which  is  launched  free  the  same  point 
and  *rith  the  sane  velocity  ar  the  normal  projectile,  but  at  a 
small  tine  5  t  earlier.  It  if  clear  that  both  projectiles,, 
will  fallow  the  sane  path  Ik  toe  pi  a..-  of  fire  but  that  the 
utmorual  projectile  will  be  a'splace:  from  tke  normal  pro  jee¬ 
rs' le  t  -  ''.ompanent  distances  equal  to  tbw  components  of  travel 
of  the  n'roal  projectile  la  tine  St.  The  distance  era 
velocity  comoonents  of  the  abnormal  projectile  relative  to 
the  ncrr/ial  projectile,  for  At  sufficiently  maall,  are  tlien 


y5^t,  yo*t,  5-  so  «t,  £«  z0*ti 
1! 


1 

1 

I 

I 


*  l 


2 
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end  n.ese  furctlone  Bust  constitute  &  solution  of  eqi  ations 
(21).  linee  the  differential  equations  are  linear,  the 
proportional  quantities 


1 


?c' 


5  ® 


i 


o 


u.ut  also  be  a  solution.  Although  the  second  deriratJves  y 
enl  z  a ro  not  given  in  the  range  tables,  they  can  be  expressed 
terms  of  quantities  which  are  In  the  range  tables  by  >re«n* 
of  T.iations  (15).  Making  these  substitutions. 


1 


5  * 


(23) 


r.  at  these  functions  actually  do  constitute  a  particular 
ul ! on  of  equations  (21)  can  be  verified  by  substitution. 


I'.  To  obtain  the  general  solution  of  (21)  we  require 
-rore  y articular  solutions.  There  ar  nc  ^ther  particular 
"  it  ions  vfhich  are  as  easily  obtained  ar  (22)  and  (?3)  and 
would  ordinarily  be  necessary  to  obtain  the  necessary 
add '.clonal  solutions  by  numerical  integration  of  equations 
{?■).  However,  the  AA1  range  tables  ere  sufficiently  complete 
cnat  Quantities  can  be  obtained  fro&  them  which  will  approxi¬ 
mately  satisfy  the  equations.  To  obtain  such  quantities  we 
0  tlr.ue  with  the  interpretation  of  (<?1 )  as  equations  defining 
-  .e  variations  from  a  normal  trajectory  due  to  abnormal  initial 
conditions,  the  rotation  of  the  ecrth  act  being  considered. 

one  that  the  normal  trajectory  is  defined  by  values  of 
run  e.evation  and  muzzle  velocity  for  which  a  range  table 
-ra.h  cory  Is  tabulated.  Suppose  further  that  the  abnoraial 
-a  ec.ory  is  defined  by  the  same  muzzle  velocity  (actually 
->  scalar:  "peed)  but  a  gun  elevation  ore  degree  greater. 

.  .f“0  abnormalities  in  the  initial  velocity  (vector)  ;ou Id 
>  x  r  seed  in  terras  of  initial  values  of  v  and  s  arc  the 
rr  -t lug  solution  of  equations  (21)  would  give  approximately 
e  *  .ervuaents  of  distance  ana  velocity  component 0  In  passing 
the  n cruel  oraJeetoiV  to  the  abno.rcel  trajectory.  Since, 
r,  the  range  tables  contain  trajectories  f  it  every  degree 
;  '.n  elevation  at  cue  normal  nuzzle  velocity  of  4000  ft/sec  , 

.*  enact  values  of  t.iese  inereaents  can  be  found  by  taking 
e  differences  of  tabulated  quantities  pertaining  tc  two 
-u  “  “die  trajectories,  and  these  differences  should  con¬ 
i'  "te  a-. proximate  solutions  of  equations  (21).  Using 

pv  0,  as  bef  .re,  to  refer  to  the  normal  trajectory 
?-  ,  :ri;  t  3  (which  is  Intended  to  suggest  the  third 
srt.i--.ular  e  xutiwr.)  tc  refer  to  the  range  table  trajectory 
.if  ‘  y-xn  elevation  one  degree  greater,  the  approximate 
:1m  obtained  by  tUe  process  can  be  written 
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f-r  eih’ielenta  satisfy  equation.!  (Rl)  being  of  in: '.dental  benefit 
in  simplifying  the  resulting  equations.  the  re3u.lt  of  thl r 
sui  ii  tut  Ion  and  simplification  io 


‘  dCn  dc-3  „  UCh 

+  yoat  +  tar  +  /.rdf 


•  vi  vn  •  — — ^  ,  4^ 

mar  T  bat“  +  74ar~ 


<1-  - 


.  dc  o 


“  +  liT  +  l.rr  “  0 


(fp.  -  r)Tr  iiga  ♦  tac4 

V  1  hit  \.TT' 


To  solve  tiiese  equations  fcr  the  dorivatlTes  -  ,  etc.  It  1 

U  i/ 

coir'en '  ent  t:  have  “.he  determinant  of  their  coefficients 
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0  r, : 
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n  jo 


.Ve  ;  1  c:  1>{  t )  a;’  a  lr,%i on  cf  t  coui  i  be  crofted'  .  1  rec  ly 
'r  1  definition  usir"  .-uan^.l  ea  t  alula  ted  in  the  range 
ar'  t  i-  io  ’  n'ler  t  use  a  prone  rV  .f  iuh  determinants 
*  ;  proved  in  r.l.  .R'li  r. '■*  pif _feren  dd  Igj.tatlCTVt ,  r.  R>'; 

...  ^  ,  -(b)  reduce.;  to 
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v-erc  ‘-he  VuntUlae *i»  30  have  their  Initial  values. 

, '  .  11  -n  elevatlofi  angle  for  the  normal  trajector 

ua-‘f  ■*->nsldera.lon  and  vQ  la  taken  for  this  purpose  as  :  ne 
•v<’z_e  velocity,  then  these  Initial  values  are  10 


y  <=>  v  r'n  E 

o  o 

3  "  v  olri  h 

O  o 

y3  -  70  c  a  (E  +  1°) 
z?  =  iln  (E  +  l1') 
yu  -  <v,  *  IOC)  cos  s 

^4  c  (7.  +  -r>0)  air,  E 


u  1  to)  acre' 


>v  [-or.  (Z  +  1°)  ,03  Ej  ! 00  cor;  E 

tlii  E 

(v:[slr.  (1  -r  ]")-sln  i:|  loo  nin  e| 
4c*o.'  ft/eee , 


l‘XVw.  3  l~i  1 


cLr.Z 


-  C.TH3C5.X  10;  sin  L  . 


.  It  It  convenlont  a:,  this  p^lnt  to 
f-  value-  of  e1#  c*,  c,f  o,(  which  uuct 
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he  Impose  *  cn  the 
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1  ^  *V’r  “-1C  deflect  l.un  prod  ..iced  V  w(P  ar4-!'" 

*  w  :al»  0  at  t  -  0.  Putting  t  „  6  lr  V 

t-^^rvaiu#?  ofrr,lr  ”lnP’atan0-'U0  1  lnear  ^uatlonr;  for  f» 
a  values  of  c, ,  c?,  03,  o,p  The  determinant  f  the  coef- 

cnt:5  of  those  equations  I3  D(0)  and.  since  T>(o)  -a  n 
the  - qu.it Iona  are  homogeneous,  the  Initial  values  of* 
ci »  co>  c(l  are  all  rcro. 


'7 


30.  He  turning  to  the  evaluation  or  n/*-\  ,.Va.  „ _ 

t>rov„d  hy  Moulton,  .hen  *r,lie4  Jo Uhl  ALt  pr°iwrt’r 


a(t)  -  D( 0 )  exp  j  (C^  +  Hr )  dt. 


(29) 


r' r  t:‘«  del  in  it  Ions  of  q,  and  Rr  in  (If;, 


•f  A, 


2m  fJ(z^)v0C(Mc)  +/°(zc)v^C,(K0)]  ,  (30) 


an :  e 


h«  evaluated  from  quantities  contained  i 
an*_  ■=  u(t)  ootif.ii.od  as  a  function  cf  t. 


■at ions  (; 
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d  e  .1 
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"ubotltuting  or  .  ,  0,  (31)  m-,o  (26).  the  partlcv 

saJi{4ffis.i^tfi3^”°51jn  (19)  -or  f 


I-  A:(t)  coa  pT  cob  B  +  A0(t)  sin  0 
1“  /*(t)  cos  ft  sin  3 
5  «  U(t)  coa  0  3 In  E, 


where,  now. 


A1(t)  -  aw 


1 *  -  - ,/ 


A-(P)  «  3W  y  t  -  1 


y  dt 

o 


A‘<t)  *  K  Vr>  f  s:t  f,(t)  +  -74y4(t)J 

*'(t)'*l  :o + 1,  ?<*>  *  Wt)j 


n  addlt '  on  cc  the  coordinate  'ncrerent5  i ,,  . 

''“e^lo-‘S^SS^^f  .  WSS*. 

r  -Co,,M  i- ~^ir^rCr^nwe.el /  ^  ■  5  *  These  could  easily  be 

<•-*!  ‘  01  quantities  already  derived,  but  it  *eens 

•:C.-elfA??Ce  °*  the  eai  t " ' "otation  on  the  wl1clty°oSSSSSt: 
.raje^rj,  uhe  diif  rone a a  between  these  ami  th* 
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c orresp judlng  quant itiea  for  the  two  abnormal  trajectories, 
aftd  the  valuec  of  P.  and  D  for  the  normal  trajectory,  D  being 
obtained  In  termn  or  the  integral  of  +  R^. 

AP PLICATION  10  AAP  TRAJECTORIES 

32.  Up  to  this  point  no  assumptions  have  boen  made 
r, yarding  the  factions  /»(z),  ala),  and  C(»).  The  particular 
form  of  3{m)  on  which  the  preliminary  range  tables  are  baaed 
XB  C(M)  =  kx  M  -*2,  from  which  MC'(K)  -  -k_C(M).  Substitut¬ 
ing  this  in  the  second  tsna  of  (30),  d 


S*V"S  (3-kj)^i0)T0c(lto)  -(3-1^  . 


To  C7aluate  P  w*  consider  also  the  functions  /°(s)  and  a(z). 
The  preliminary  range  tables  are  based  cn  the  tfACA  Standard 
Atmosphere  for  which  /°(z)  »  f>(0)(l  -  k-z)™  and  a(z)  »  *(0)* 

(’  «3=)1/S.  Hence  j 


P  - 
1 


-3TI°<2o  >V<V 


r  kn  +  S  l-fc> 

kiHojJ  V  -  *3*)  ■ 


33.  For  the  present  design  of  Angled  Arrow  Projectile. 


n  «  2.261145  (slug) 


(?io  i-e:  The  value  of  a  has  been  adjusted  to  remove  an  Inc  an - 
is  latency  in  rAVORD  Report  2160.  A  smaller  inconsistency  still 
rr:  ai.ns  in  the  derived  quantities  which  follow.  The  preliminary 
rrxge  tc  >les  were  computed  with  the  expression  for  P-,  which  is 
given  lei ov,  and  the  constants  should  be  further  adjusted  to 
nee  -he  numerical  coefficient  in  this  expression.) 


ic^  -  0.660bl 
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-6  i 

6.87919  x  10  (ft'1) 


$r 


-  4.255 


jo( 0)  -  C. 002378 
a(0)  -  1117 


(slug/ft3) 


(ft/sec) 


With  theie  values. 


M<>) 


5.6793?  x  10 


-~^Ja(o)J1C2  -  4.359495  x  10'3 


UV2  tii'3 


expression  for  Pj  becomes 


-  4.359495  x  10"3(1  -  6.87919  x  , 


EXAMPLE 


?4  .  Xn  8.  n’Jwerieal  example  of  the  computation  of  the 
effect  the  earth1*  rotation,  an  AAP  trajectory  with  a  gun 
lev?4-!-!-,  of  30 #  end  a  hujhbI*  *-«! salty  of  4000  ft/aec  ha*  been 
considered.  The  auxiliary  function*  needed  for  the  application 
*  ccuxwiors  (13)  have  been  computed  by  the  approximate  for¬ 
mulas  f  14 )  and  by  the  nore  exact  foniulaa  ( 33 )  and  are  tabulated 
ii.  Table  1.  some  explanation  Is  neoessary  for  the  evident  rough 
*4  S  i.  v  _  values  computed  from  fonaulas  (33)*  Part  of  this 
rou&’.-.ners  arises  f vrm  the  necessity  ef  ferning  t!ie  differences 
^  ofc  between  raage  table  trajectories.  While  the  coordinate* 
arid  ve  'c  ’ties  in  che  prellmlna-T  range  table  are  tabulated 
vich  sufficient  accuracy  for  the  principal  uecs  of  the  table, 

1  o  &  wUr;\oy  ic  not  great  enough  to  produce  smooth  values  of 
die  ;«ce-»aary  difference*.  3ince  the  tabulated  values  have 
u- >-  rounded  off,  it  would  be  preferable  to  obtain  the  differ¬ 
ence;:?  -  ,  etc.  from  the  unrounded  valuea .  It  is  understood 


?*e' 


- «%; 


,  m 

,  ^  *• 


f-r  ff 
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EL 
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that  the  numerical  Integrations  for  the  preliminary  range 
table  >?er  conducted  In  ouch  a  manner  that  the  unrounded  valuer 
nave  not  ^een  preserved,  ao  that  thie  refinement  could  not  be 
made  in  \*e  present  computation.  If,  when  the  final  range 
tab  e  'i  prepared,  it  has  be»;n  decided  to  correct  for  the 
earth's  rotation  by  means  of  equations  (13)  and  (33),  then 
the  numerical  integration  could  probably  be  arranged  sc  that 
the  required  difference!  would  be  available  and  formula*  (33) 
might  ue  evaluated  at  the  same  tima.  Another  source  of  rougb- 
nes.  In  these  quantities  was  the  aal  functioning  of  the  calcula¬ 
ting  machine  which  was  used  in  evaluating  formulas  (33)  and 
was  not  detected  until  the  work  was  nearly  finished.  In  the 
p~»conce  rf  the  unavoidable  roughness  due  to  insufficient  ac¬ 
curacy  of  the  differences,  it  did  not  seew  vfor;h  while  to 
repeav  "he  entire  calculation. 

35.  Vo  exhibit  the  effects  of  the  earth's  rotation  cm 
v.r at  >rr’ nates  of  the  projectile,  both  bats  of  function*  la 
_thj.c  1  have  been  used  to  compute  \  ,  7  ,  S  by  mane  of  equa- 
.'oia  f'.j)  for  e  l.atituoe  J?  <■  45“  and  a  gun  bearing  angle 
P  «  43  ,  ^.e  results  being  given  ir.  fable  2.  An  examination 
c;  ft  3 hows  that  there  are  appreciable  differences 

‘Kt « v  t.  we  values  obtained  ’ey  the  two  uethods  and  the  ques- 
t  ar'"«s  whether  the  values  obtained  frees  (13)  and  (33) 

-a.  >  cegaeded  as  oorreot,  or  whether  the  approximations 
V  volved  in  these  equations  introduce  important  errors.  To 
sr  >.  ■  r.y  question,  the  component  equations  corresponding 
•  >  (  )  nave  ->eer.  integrated  Tumeric ally  for  the  initial 
3  :t  ij.t  nx  being  considered  and  fro*  the  resulting  values 
x,  -  of  the  coordinates,  the  coordinates  x0  *  0,  y  ,  zQ 
t>  projectile  on  tlw  range  table  trajectory  have  been 
subtracted,  tc  produce  values  of  f  ,  y  ,  .t  which  Involve  no 
pfrr  -  iration  except  for  the  Justifiable  neglect  of  w®  terc3 
ir  v  )  r’ae3i>  values  are  also  given  in  Table  2,  from  which 
:  c  ’n  Teer.  that  ti^j  approximate  formulas  (13)  and  (33)  are 
•r*ac  t .. n ?1 1  without  error. 


-Aib 


Table 
t  ;d 

‘t  f-f 


3i.T;>lify  the  co-Carlson  between  the  different 
vi  counting  the  effect  of  the  earth's  rotation, 

•  Vf-h  has  seen  derived  fro*  Table  ?  gives  the  signl- 
V.e  r-tr.sir.i-ng  error  (vector  eua  of  three  oooponents) 
-fh'3  rotation  correction  13  made  by  four  methods: 


a.  - 


the  use  of  equations  (13)  «nd  (i4),  the  use 


if  oqiv5,io’.j  \I3)  and  (33),  and  by  the  direct  maasrical 
'•  ’ret,!.'  -f  ()),  this  last  tnethod  being  regarded  as  exact. 


J5W83T 


■'e» 

•tj  . 

i*‘  * 

vl 


COMPARIGOW  0?  METHODS 

37.  With  some  apolo^'  for  attempting  to  &sne.i3  such 
questions  In  a  purely  quantitative  manner,  Table  4  is  an 
i~tcr.;pt  to  compare  the  relative  costs  of  the  four  ^oethoda 
tub  the  values  of  the  corrections  obtained  from  thee.  In 
the  first  row,  the  last  entry  is  intended  to  indicate  that 
the  oethod  requiring  the  numerical  integration  of  equation 
(6)  ’s  completely  unfeasible  for  the  large  number  of  cases 
that  rculd  have  to  be  treated.  The  numbers  1  and  20  for 
the  iec  >nd  and  third  entries  are  a  good  indication  of  the 
r  Native  times  that  were  required  for  the  computation  of 
the  c  rrectiono  by  these  two  methods.  Considering  the 
second  row,  the  comparison  between  the  Beyond  and  third 
f’  ar>s  is  probably  fairly  reliable,  equations  (13)  indica¬ 
ting  how  a  correction  obtained  by  either  of  these  methods 
ui  t  be  incorporated  in  the  Guidance  Computer,  The  use  of 
equal' one  (14)  would  require  th%-  empirical  representation  of 
*-rfr  f’ notions  of  time  of  flight  for  each  range  table  trajectory, 
w>  He  the  re presentation  of  the  corrections  obtained  from  (33) 
would  require  f-'ur  such  functions.  The  fourth  entry  in  this 
row  Ij  Lapsed  on  the  belief  that  if  the  corrections  were  ob¬ 
tained  by  this  method  tha  corresponding  modification  of  the 
.er  would  have  to  be  arrived  at  entirely  empirically 
and  rr't'ht  require  a  complete  alteration  of  the  existing  bal- 
ltwi'"  solution.  The  la3t  row  of  Table  4  gives  an  estimate 
v-f  t,  e  relative  values  of  the  corrections  obtained  by  the 
d Liter jnt  methods,  but  ignores  the  fact  that  the  effect  of 
.he  earth' 3  rotation,  if  not  corrected,  is  only  one  of  many 
other  crers  that  will  be  present  in  the  complete  AAP  System, 
and  the  removal  of  this  single  error 'might  not  produce  a 
significant  Increase  in  the  effectiveness  of  tl»  system.  In 
ora  aring  this  error  with  other  ballistic  errors,  it  should  be 
r<‘nenbered  that  trie  quantities  in  Table  3  sure  wise  distances 
positions  of  time  fuzed  amrunitian.  For  VT  fuzed 
.v  -  'nition,  a  more  appropriate  measure  of  the  error  is  the 
nip : mum  di3tan:e  between  projectile  and  target.  Since  the 
t'jr  distance  produced  by  neglect  of  the  earth's  rotation  ic 
uq:  roxiuately  nonr.al  to  the  trajectory  (the  Coriolis  accelera¬ 
tion  2n  x  ?'  being  perpendicular  to  the  velocity  vector  r' ), 
tte  Tine  distances  for  both  types  of  aocunltlon  arc  nearly 
•juuui  for  target  aircraft  which  are  approaching  the  giai. 

For  certain  other  ballistic  errors  (e.g,,  those  due  to  incor- 
•~cc  ■  r.  iS-ie  velocity  of  air  density  corrections)  the  VT  fust 
wijs  di  lance  for  ar proaching  targets  la  rigiiificontly  smaller 
ar  the  tine  fuze  nl33  distance,  and  in  this  respect  tha 
nr  ->ffect  of  the  oarth's  rotation  is  especially 

•'••er*  mental . 
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RELATED  TOPICS 

\^itcVle  de’jlsn  has  been  achieved  which 
'  r_.  ie  at  ?ttK^?Ctory  froin  the  points  of  view  of  per- 
anQ  suitability  for  production,  It  It  intended  to 
l1,  /  "  u*c  a  number  of  projectiles  for  use  in  experimental 

-  -  i  .?.£  on  the  results  of  which  the  final  AAP  range  tables 
based.  While  the  details  of  the  experimental  fir- 
avo  not  been  decided  upon,  the  principal  observations 
rt'  a  itde  will  furnish  for  each  round  a  record  of  projectile 
c>_oi on  as  a  function  cf  time.  Various  secondary  observa¬ 
tion1  rai^ht  also  be  desirable:  tine  intervals  measured  by 
tbo  In -Bore  Chronograph,  mur.zle  velocity  aa  determined  by 
3 one  other  Tom  of  chronograph,  photographs  to  indicate 
'/nether  the  oabet  separation  is  normal,  etc. 

'<?.  The  principal  object  of  these  firings  will  be  the 


•mgs 

vexiiication  or  revision  of  the  best  previously  available 
drag  'efficient,  whether  that  drag  coefficient  is  the  cane 
v 3 c  ■  -n  the  computation  of  the  existing  preliminary  rchge 
tuoieo  or  some  improved  drag  coefficient  which  might  be  ar- 
r*  ved  at  later  on  the  basis  of  theoretical  considerations, 
mxlel  axreriments,  or  earlier  firings  of  full  scale  pro- 
j^c  11 C3.  Certain  other  information  should  also  be  obtained 
fr or  these  firings  as,  for  example,  whether  the  angle  of 
dr  par*  re  is  equal  to  the  gun  elevation  angle  (they  ere 
not  equal  for  the  5”/38  gun). 

Vo.  The  determination  of  such  unknown  factors  from 
the  results  of  experimental  firings  requires  that  all  known 
depart  arc o  from  the  standard  trajectories  shall  be  taken 
into  account.  Aioong  these  effects  are  that  of  the  earth's 
rotation,  non-standard  atmospherio  candifclcnn,  etc.  By 
employing:  methods  similar  to  those  used  in  this  Report,  it 
ac«w:  likely  that  a  systematic  procedure  ean  be  developed 
for  ?’lc-  for  known  influences  on  the  standard  trajectories 
and  -  .errolnlng  the  changes  in  drag  coefficient  and  eagle  of 
d  -par1-'  ro  necessary  to  remove  the  remaining  discrepancies 
between  observations  and  theory.  Such  a  procedure  would 
Kr  1  «iy  require  the  computation,  for  each  range  table 
:a<eetory,  of  auxiliary  functions  somewhat  similar  to  those 
of  equation'’  (33). 

4*  .  It  seems  desirable  that  these  questions  should  be 
“'loroughly  InveEtJgited  well  in  advance  of  the  planning  cf 
the  experimental  firings.  Such  a  study  would  indicate  the 
uo g t  bof'.u.  data  which  might  be  obtained  from  the  firings 
a:  a  would  ullow  an  early  start  on  the  extensive  computations 
wo?c»  r  '.tjht  be  necessary  to  make  the  most  effective  use  of 
.he  cD..ervatiuno . 
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